A new automatic methodology for the risk assessment of gas turbine engine rotor disks subject to metallurgical defects is being investigated. This method has the promise of significantly reducing the amount of human time required to discretize the disk material into zones and to manually refine the zones to ensure convergence. The method is based on the concept of adaptive recursive triangulation which requires only limited initial defect locations from the analyst. Regions of refinement are selected based upon several criteria and various subdivision schemes are investigated. A numerical example using a rotor disk model is presented.
INTRODUCTION
A probabilistic computer simulation code is used to compute the probability-of-fracture (POF) of axisymmetric turbine engine rotor disks subject to low-cycle fatigue [1, 2] . The current risk assessment methodology used by the code utilizes a zone-based risk integration scheme to account for the uncertainty of location of randomly distributed defect anomalies within a disk. The zone-based scheme involves partitioning a rotor disk domain into individual zones having approximately equal risk.
The process of discretizing the domain into zones and refining zones to ensure convergence is potentially time-consuming for the analyst depending upon the level of accuracy desired. Therefore, a new, automatic risk assessment methodology is being developed to reduce or eliminate analyst interaction.
Current Zone-Based Methodology
In the current zone-based risk integration methodology, a rotor disk is discretized into a number of zones. A zone consists of a grouping of material such that all regions in the zone have a generally uniform stress state, and the same fatigue crack growth properties, inspection schedules, probability of detection curves, and anomaly distribution. Therefore, the risk solution at any sub-region of a zone applies to every sub-region within the zone. The POF of the disk is approximately the sum of the risk solutions of all the zones. Currently, the mesh of the finite element stress results serves as the framework for zone discretization.
The quality of the risk solution is dependent upon the discretization of the disk zones. For coarse discretizations, the risk solution is less accurate than the solutions obtained from fine discretizations. Thus, the current methodology is convergent and the risk solution converges to a more accurate solution as the number of zones increases. Another important aspect of the current methodology is conservatism. That is, the risk result computed in each zone is based upon the result from a single location -the life limiting location. As a result, the risk is constant throughout each zone.
In the new automatic risk assessment methodology, the disk domain is discretized into linear triangular elements from which the conditional POF of a disk is computed. The conditional probability refers to the POF of a disk given a defect. The triangulated approach must maintain the robustness and reliability inherent in the current approach. The new technique must also be convergent in order to ensure that the risk solutions from the disk discretizations become more accurate as the number of mesh elements increases. Triangulation of the disk domain necessitates an automatic and adaptive mesh refinement scheme. The automation will eliminate the need for analyst interaction, and the adaptivity will ensure that the solution from the refined triangulated mesh is obtained efficiently.
ADAPTIVE RECURSIVE TRIANGULATION
Adaptive recursive triangulation or adaptive mesh refinement [3] [4] is a robust, time-tested discretization method commonly incorporated with finite element methods. It consists of the discretization of a problem domain into triangular elements. The quality and accuracy of a solution obtained from the discretized domain is critically dependent on the mesh size; fine meshes provide more accurate solutions while coarse meshes provide less accurate solutions. In most applications, the required degree of discretization to obtain a particular level of accuracy fluctuates across the problem domain. As a result, it is desirable to vary the degree of discretization across the domain in order to efficiently produce a high quality mesh. Since the appropriate distribution and size of the elements in a mesh are rarely known beforehand, adaptive procedures for producing efficient meshes have been devised.
In adaptive mesh refinement, a refined mesh is obtained by refining a coarse mesh element-by-element. Elements are typically chosen for refinement using error functions. Elements exceeding a specified error threshold are subdivided, in effect producing a new, refined mesh. The new mesh is then reevaluated and refined accordingly. This process is continued until all elements satisfy the error criterion or a satisfactory solution is obtained.
An initial triangulated mesh must be provided prior to implementing adaptive mesh refinement. Delaunay triangulation [5, 6 ] is a popular triangulation technique.
Delaunay triangulation maximizes the minimum angle of all the triangulation elements in order to minimize the likelihood of degenerate, or highly obtuse, elements. Complex domain boundaries can be triangulated using constrained Delaunay triangulation (CDT) [7] . Constrained Delaunay triangulation prevents the generation of mesh elements outside the boundary of the domain.
As a note, special care should be given to the subdivision of mesh elements along the boundary of a mesh. In particular, when a mesh element along the boundary of a triangulation is subdivided along a boundary edge, the bisection node should be relocated to the nearest location along the actual domain boundary. Consider the single element mesh of the arbitrary geometry shown in Figure 1a . The element is subdivided at p as illustrated in Figure 1b . In order to preserve the domain boundary, p is relocated to the nearest location p* along the domain boundary, see Figure 1c . In POF surfaces, it is critical that the behavior along disk boundaries is accurately captured because the surface behavior is immensely influential on the risk solution. This point is validated in the numerical examples.
Adaptive recursive triangulation consists of two primary components, error assessment and subdivision. Error assessment is typically carried out using an error function which quantifies the amount of error in an element and thus the need for refinement. The subdivision scheme partitions elements necessitating refinement into smaller sub-elements. By coupling the subdivision and element assessment methods judiciously, efficient adaptive mesh refinement schemes can be generated.
Subdivision Schemes
Subdivision of mesh elements leads to progressively refined triangulations which in turn provide increasingly more accurate solutions. Many subdivision methods [8, 9] have been developed. Centroidal partitioning, longest-edge bisection, and four-triangles longest-edge partitioning are reviewed in the following sections.
Centroidal Partitioning
In centroidal partitioning, elements are subdivided into three sub-elements by inserting edges from each of the three vertices to the centroid of each element, see Figure 2a . However, this subdivision method produces progressively degenerate elements. This is of major concern since degenerate elements may poorly describe the behavior across an element and triangular elements are optimum for use when they are equilateral in shape.
Longest-Edge Bisection
In longest-edge bisection (LEB) [4] , elements are subdivided into two sub-elements by connecting the midpoint of the longest edge to the opposite vertex, see Figure 2b . In turn, the angles of the subsequently refined triangulations are greater than or equal to half of the smallest angle in the initial triangular element. LEB guarantees the construction of non-degenerate and smooth unstructured triangulations.
Four-Triangles Longest Edge Partitioning
In four-triangles longest-edge partitioning (4T-LE) [4] , elements are subdivided into four sub-elements. First, the parent element is subdivided by inserting an edge from the midpoint of the longest edge to the opposite vertex. The two resulting elements are then subdivided by inserting an edge from the midpoint of the longest edge to the two remaining midpoints of the parent element. Like LEB, 4T-LE guarantees the construction of non-degenerate mesh elements. See Figure 2c .
Error Functions
The error function is immensely influential on the efficiency of an adaptive mesh refinement scheme. As a result, much attention has been devoted to the topic. Many methods are available, not all of which actually measure error. Common methods include computing and comparing the energy or energy-type norms in an element [9] . Four alternative methods are provided below.
Surface Area-Based Error Function 1
The degree of error in an element can be expressed as a function of an element's surface area e i SA versus the actual surface area of the curved surface i SA [10] . In this application, the surface area refers to the projected area from the risk surface. The error associated with the surface area is quantified in terms of relative error. Thus, the relative error, i E , associated with an element is given by However, the actual curved surface is rarely known. Therefore, the surface area of the actual curved surface is estimated by means of a faceted assembly of triangular elements.
SA is computed by projecting the centroid of an element onto the actual curved surface of the unknown function or model being discretized. Thus, three faceted elements are created, see Figure 3a . The element surface area is given by the surface area bounded by nodes p, q, and r. The estimated surface area is the sum of the surface areas of the faceted surfaces (p,q,u), (p,r,u), and (q,r,u) where u is the centroid of the element.
Surface Area-Based Error Function 2
An alternative area-based error function [10] employs the three midpoints between the vertices of each element. As in the first surface area-based error function, error is quantified using the relative error of the surface area. In the alternative approach, the projections of the midpoints a, b, and c of an element's edges are used to generate four triangular sub-elements, see Figure 3b . This scheme provides a closer approximation of the curved surface area since three points are projected onto the actual surface rather than just one.
Risk Contribution Factor
In the current zone-based risk integration methodology, zones are refined depending on their risk contribution [2] . That is, zones contributing heavily to the overall risk of the disk are subdivided. The risk contribution of each zone is expressed as the risk contribution factor (RCF). The RCF is the risk in each zone 
Adaptive Refinement Schemes
Different combinations of the subdivision methods and error functions yield unique triangulations. As a result, various adaptive refinement schemes should be evaluated to determine which combination produces the most efficient results for a particular application. Three schemes are constructed using two subdivision methods and the three error functions previously reviewed.
The first adaptive refinement scheme, referred to as LEB-RE, incorporates LEB with the first surface area-based error function. A major drawback with this strategy is inefficiency. The first surface area-based error function requires the centroid nodal data (location and response) of each element; the response at each centroid is obtained through the probabilistic simulation code. However, the centroid is a temporary node. That is, it is not used as a mesh node, and it is discarded after it is used to estimate the actual curved surface area.
The second refinement scheme, LEB-RCF, couples LEB with the RCF. LEB-RCF is efficient in the sense that all simulation runs are converted into mesh nodes. In this scheme, no addition nodes apart from an element's three vertices are required to assess whether the element requires refinement.
The third scheme combines 4T-LE partitioning with the second surface area-based error function. This scheme, like LEB-RCF, converts all simulation runs into mesh nodes, but on the downside it requires the largest number of nodes to quantify the elemental error.
Furthermore, 4T-LE potentially over-refines elements. That is, 4T-LE may refine portions of an element that do not require refinement, and as a result efficiency is lost.
Floor
Oftentimes supplemental metrics are incorporated into adaptive mesh refinement schemes with the objective of improving efficiency and/or reliability. A floor is a simple metric that is commonly used to improve efficiency. In this scheme, all readily available responses in an element are used. Thus, for LEB-RCF the three vertex responses are available, for LEB-RE the three vertex responses plus the centroid response is available, and in 4T-LE three vertex responses plus three midpoint responses are available. If the available responses fall below a specified minimum response, the corresponding element is automatically retained and the error within the element is not assessed. For instance, in the ensuing analysis, a floor is set at 10% of the maximum response in the initial mesh. Therefore, all elements in which the readily available responses are below the floor are not refined, even if the error or RCF thresholds are exceeded.
Scale
Significant differences between the ranges of the dependent and independent variables create complications for the surface area-based error functions. For example, POF responses are dramatically smaller than the magnitudes of the location coordinates. This disparity becomes evident when the relative error of an element's surface area is computed. Because the risk response of the nodes used to compute the estimated curved surface area is small compared to the magnitudes of the location variables, they are virtually negligible. As a result, the surface area of the element and the estimated curved surface area are practically equal and, accordingly, the relative error is zero. A scaling factor f is computed in order to remedy this complication. The scaling factor scales the POF response of all nodes used in the surface area computations in such a way that the magnitudes of the POF and location variables are in the same range. Two scaling approaches are devised.
The first uses a local scale in which f is calculated element to element. In this approach the triangular area i A of an element is computed. Next, the edge length s l of the equivalent square is calculated.
The maximum POF response of the element's readily available nodes is then scaled to equal the equivalent edge length. Therefore the scaling factor is given by
A global scaling factor is also incorporated. In this approach, the same scale value applies to all elements, the area corresponds to the entire area of the mesh domain, and the maximum POF response is extracted from the responses available in the initial mesh.
While either scaling method can be applied, it is found that LEB-RE performs slightly better, in this instance, when used in conjunction with the local scaling factor. On the other hand, 4T-LE works best with the global scaling factor. In this paper, it should be assumed that when LEB-RE is applied a local scaling factor is used and when 4T-LE is applied a global scaling factor is used.
NUMERICAL EXAMPLE Background
Two benchmark rotor disk POF surfaces are obtained by creating finely discretized models in the probabilistic simulation code and then computing the POF for each zone. The crack locations and corresponding POF responses are triangulated and a surface is constructed. The POF for each zone represents the conditional POF before 20,000 fatigue cycles given a defect originating in that zone.
In particular, a POF surface of a standardized rotor disk, see Figure 4a , subject to centrifugal loading, referred to as the Advisory Circular (AC) Test Case, is obtained by discretizing a rectangular rotor disk cross section into more than 6000 zones. The resulting POF surface is illustrated in Figure 4b . The POF is very high along the edges where Yd ≈ 0 and Xd ≈ 0. Another POF surface is constructed for a more complex and realistic rotor disk, see Figure 5a , referred to as the impeller rotor disk, by discretizing the rotor disk model into 1152 zones. The resulting POF surface is illustrated in Figure 5b . The POF is very high along the edges where Yd ≈ 4.5 and Xd ≈ 1.25.
POF Surfaces
The high responses along rotor disk edges create high ridges followed by steep gradients towards the interior of a disk domain. This behavior is due to high stresses and the "surface effect" on the stress intensity factor, e.g., the amplification factor for embedded and surface cracks near a surface. Since these ridges constitute a small portion of the rotor disk domain and the POF responses are relatively low elsewhere, the regions containing the ridges contribute significantly to the total volume under the surfaces of the AC and impeller disks.
The significance of surface behavior on the volume solution is illustrated in a one-dimensional representation of the AC POF surface, see Figure 6a . Figure 6b shows how the area under the curve accumulates away from the disk boundary. In general, the majority of the area is accounted for relatively close to the disk boundary. Away from the disk boundary, the curve contributes progressively less to the total area. In the AC curve, about 80% of the area under the curve is accounted for by within 20% of the distance from the disk boundary.
Results
Based upon the convergence of the refined rotor disk triangulations, LEB-RCF is the most efficient of the three schemes implemented. This is obtained from the results of Figure 7 . Figure 7 illustrates the convergence of the volumes under the conditional POF surfaces with respect to the number of required simulation runs for each mesh. Figure 8 provides illustrations of steps 2, 4, and 6 of LEB-RCF's mesh refinement progression. The initial constrained Delaunay triangulation is progressively refined towards the boundary edge where the stresses are high. The least efficient meshes are generated using LEB-RE.
As previously addressed, the efficiency of LEB-RE is compromised by the surface area-based error function employing the centroid. 4T-LE is less efficient than LEB-RCF due largely in part to over-refinement.
LEB-RCF is more efficient than the alternative adaptive recursive triangulations primarily due to its lack of a need for additional computations to assess an element's need for refinement. However, this is also a source of unreliability. The behavior across the domain of an element is represented by merely three vertex nodes. The lack of additional nodes in each element prevents complete confidence in LEB-RCF's ability to always capture significant surface behavior.
LEB-RCF is weighed against the current risk assessment methodology. Figure 9 shows the relative error of the volume under the conditional POF surface of a mesh generated through the current risk assessment methodology and meshes produced through LEB-RCF. According to the results, the current risk assessment methodology produces a more accurate solution than CDT LEB-RCF with the same number of simulation runs. At around 60 simulation runs, LEB-RCF is more than three times more conservative than the current risk assessment methodology. In fact, roughly 250 simulation runs are required in the LEB-RCF to produce an equivalent volume solution as the 64 zone mesh produced by the current methodology. However, the disparity between the two methods is largely in part due to differences between the current risk assessment methodology and LEB-RCF's meshes, not the adaptive recursive process.
Onion-Skinning
The current risk assessment methodology's mesh is constructed in part with a technique called onion-skinning [2] . Onion-skinning involves creating thin zones along the boundary of a disk for the purpose of defining surface cracks. These thin zones contain the associated material with high POF responses within a small portion of the disk domain and thus reduce conservatism. Figure 10 illustrates the 64-zone onion-skinned impeller rotor disk surface mesh generated through the current risk assessment methodology. Notice that the high responses are contained along thin surface elements and the risk is constant in each zone.
An initial mesh of the impeller rotor disk incorporating a similar concept is constructed and implemented with LEB-RCF, see Figure 11 . The thin boundary zones dramatically reduce the volume solution as illustrated by the onionskinned curve in Figure 9 . Thus, onion-skinning the initial mesh leads to more accurate initial volume estimations, as well as increased efficiency.
SUMMARY AND CONCLUSIONS
The current zone-based risk integration methodology for gas turbine engines requires analyst involvement during the refinement and convergence process. As a result, a new automatic risk assessment methodology for gas turbine engine rotor disks is investigated and developed. The methodology employs adaptive recursive triangulation to progressively bisect an initial constrained Delaunay triangulation based upon a risk contribution factor-based function that assesses a zone's need for refinement. It is shown through a numerical example that this method can adaptively refine the mesh as needed to accurately compute the conditional POF of a rotor disk.
FUTURE WORK
The proposed automatic methodology appears promising, but several enhancements are necessary and ongoing before a full and objective evaluation can be made. In particular, higher-order elements are likely to more efficiently capture the steep gradients at the surface. Also, due to the critical nature of the risk behavior at the boundary and the need for an initial mesh, an adaptive initial mesh generator implementing onion-skinning necessitates investigation. Lastly, a more complex and scrutinizing error assessment procedure is desired in order to ensure the construction of reliable and accurate meshes.
In the currently proposed automatic risk assessment methodology, POF behavior is assumed to behave linearly across each zone. By increasing the polynomial order over each element, fewer disk discretizations are required to obtain the same level of accuracy because the interpolation of the POF values over the cross section is more accurate. In particular, second-order polynomials can be used to characterize the POF surface in each zone. Implementation of quadratic elements is two-fold. First, quadratic elements require more nodes per element, in effect, increasing the likelihood of detecting significant surface behavior not detected by the vertices. Secondly, quadratic elements may increase computational efficiency. Though twice as many nodes are required per element, the level of accuracy provided by a second-order polynomial versus a first-order polynomial is significant.
Thus, theoretically fewer simulation runs will be required to obtain the same conditional POF solution.
A filter is being investigated to provide a more scrutinizing error assessment procedure. A filter involves implementing two or more error functions for accessing refinement need in zones. A top-level error function is used to determine which zones require refinement. The zones that fail the error threshold are refined. However, the zones that satisfy the error threshold are fed into a second-level error function. Once again, those that fail are refined and those that pass are fed into a third-level function. This progression continues until every error function in the filter is activated. A filter ensures that every zone requiring refinement is refined. That is, a filter's primary objective is to guarantee that significant POF surface behaviors are captured. Thus, the possibility of obtaining anticonservative or unreliable solutions is eliminated.
An adaptive and intelligently designed initial mesh algorithm is being investigated to eliminate analyst involvement from any portion of the automatic risk assessment procedure and to improve performance. In particular, onion-skinning will be implemented in the initial mesh algorithm. By creating thin zones along rotor disk boundaries, accuracy and computational efficiency improve. 
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